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Super-quantum states in SU(2) invariant 3×N level systems
S. Adhikary,∗ I. Panda,† and V. Ravishankar‡
Department of Physics, Indian Institute of Technology Delhi, New Delhi-110016, India.
Nonclassicality of quantum states is expressed in many shades, the most stringent of them being
a new standard introduced recently in [1]. This is accomplished by expanding the notion of local
hidden variables (LHV) to generalised local hidden variables (GLHV), which renders many nonlocal
states also classical. We investigate these super-quantum states (called exceptional in [1]) in the
family of SU(2) invariant 3 × N level systems. We show that all super-quantum states admit a
universal geometrical description, and that they are most likely to lie on a line segment in the
manifold, irrespective of the value of N . We also show that though the super - quantum states can
be highly mixed, its relative rank with respect to the uniform state is always less than that of a
state which admits a GLHV description.
PACS numbers: 03.65.Ud, 03.65.Ta, 03.67.-a
I. INTRODUCTION
The purpose of this paper is to investigate the class of
super-quantum states in coupled 3×N level systems and
distinguish them from those that admit a generalised
local hidden variable description. The latter states are
said to admit a classical simulation, and the former have
been designated as exceptional in [1]. The study focuses
exclusively on the manifold of states which are invariant
under global SU(2) transformations, and directly gen-
eralises the corresponding results obtained recently for
2×N in [1].
A clear distinction between classical and quantum
states is necessary for discriminating genuine quantum
information processing from its classical counterpart.
The latter needs to be understood in its most general set-
ting, encompassing the notions of both classical physics
and classical probability. That this task is of immedi-
ate interest may be seen from the fact that there are
classical computers which simulate quantum computers
– which involve highly entangled states – efficiently in
polynomial time [2]. At the conceptual level, one knows
that entanglement and locality may coexist [3], as does
mixedness with maximum nonlocality [4].
Motivated by these considerations, a new standard for
nonclassicality for states has been developed recently [1].
The new criterion is stricter than all other existing mea-
sures of nonclassicality such as discord, concurrence, en-
tanglement, steering and nonlocality [3, 5–9]. It is based
on the concept of classical simulation [1], which expands
the notion of local hidden variables (LHV) to generalised
LHV (GLHV). In essence, the idea of classical simula-
tion expresses the possibility that an entangled state in
a given dimension can get mimicked by separable states
in higher dimensional spaces, with the sole proviso that
the dimensions is finite. On the other hand, the class of
states —designated as super-quantum states– admit no
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GLHV description, and are strongly nonclassical.
The new criterion combines, in a rather intricate and
not completely understood manner, the role of both pu-
rity and entanglement for a state to be super-quantum.
Thus, as was found in [1], pure states are always super-
quantum so long as they are entangled, howsoever close
they may be to a separable state. In contrast, a two
qubit Werner state is classical, i.e., it admits a GLHV
description – unless it is the Bell state. In view of the
increased interest in quantum correlations with qudits
[10, 11], it is not without interest to extend the investi-
gation to higher dimensional systems. We study 3 × N
systems in this paper. We begin with a quick recapitu-
lation of basic concepts.
II. PRELIMINARIES
A state is separable if it admits an expansion
ρAB =
∑
i
pi(ρ
A
i ⊗ ρ
B
i ); pi ≥ 0;
∑
i
pi = 1. (1)
States which are not separable are entangled. The corre-
lations are nonclassical since they cannot be understood
as emerging from a classical joint probability scheme.
Nevertheless, they may respect locality and admit a lo-
cal hidden variable description [3], which makes such
states essentially classical.
To make the above observation more vivid, and to
broaden its scope, let us consider, following [1], an en-
tangled state in its spin coherent representation [12, 13]:
〈mˆ, nˆ|ρAB |mˆ, nˆ〉 ∼= f(mˆ, nˆ). (2)
The RHS, which is the Q representation of the state,
determines ρAB completely. On the other hand, be-
ing a classical probability density, f(mˆ, nˆ) is necessarily
separable. It would admit an expansion which may, in
turn, be looked upon as a descendant of parent quantum
2states:
f(mˆ, nˆ) =
∑
i
λigi(mˆi)hi(nˆi)←−
∑
i
λiρ
A
i (mˆi)×ρ
B
i (nˆi).
(3)
The concept of classical simulation resolves this co-
nundrum naturally through the notions of equivalence.
A. Equivalence and classical simulation
Let two states ρ and ρ′ be defined in two finite di-
mensional Hilbert spaces H and H′, not necessarily of
the same dimension. We say that the two states are
equivalent, and write ρ ∼= ρ′, if, for every observable
O defined in H with a nonvanishing expectation in ρ,
there exists an observable O′ defined in H′ such that
Tr[ρO] = Tr[ρ′O′], and vice versa. All equivalent states
produce the same probability density via their Q rep-
resentations. Conversely, if two states possess the same
Q representation, they are equivalent. Two definitions
follow:
1. A state admits a classical simulation if it is equiv-
alent to a state which is separable. Clearly, H and
H′ are identical if the state is separable.
2. A state which has no equivalent separable state is
super-quantum.
Our endeavour is to identify all super-quantum states
among the family of SU(2) invariant 3 × N bipartite
systems. For brevity, they will be henceforth called
isotropic states.
III. SUPER-QUANTUM STATES IN
ISOTROPIC 3×N SYSTEMS
A. Isotropic States and their Q representations
It is convenient to model a 3 × N system as a cou-
pled spin 1 − s system; N = 2s+ 1. Let us denote the
irreducible tensors (under rotations) [14, 15] in the two
subspaces by generic symbols Σ, T respectively. Employ-
ing tensors of ranks one and two in the cartesian basis,
we expand the isotropic state as
ρ1s(α, β) =
1
3(2s+ 1)
(
I+
αO1
s
+
βO2
s(2s− 1)
)
(4)
in terms of the operators O1 = ΣiTi and O2 = ΣijTij
which, by virtue of isotropy, commute with each other:
[O1, O2] = 0. Thus, the isotropic states form a two pa-
rameter family. The allowed ranges for α, β can be in-
ferred, in the eigenbasis of ρ, to be given by
(1 + α+
β
6
) ≥ 0
(1−
α
s
−
β(2s+ 3)
6s
) ≥ 0
(1−
α(s+ 1)
s
+
β(s+ 1)(2s+ 3)
6s(2s− 1)
) ≥ 0. (5)
One consequence of these conditions is that the allowed
region in the parameter space for a state ρ1s is a proper
subregion of ρ1,s+1/2. Fig. 1 shows the allowed regions
for two cases, viz, s = 1, 8 in blue and red respectively.
It is pertinent to note that the convergence to boundary,
shown in green, at s =∞, is quite rapid.
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Figure 1: (color online) The allowed ranges for α, β as
defined by Eq. 5.
A number of pertinent features emerge from Fig. 1.
Thanks to the nestedness of allowed regions for succes-
sive spins, any point P (α, β) in the parameter space
represents a family of an infinite number of equivalent
states, F(P ) = {ρ1s(P )}, for all values of s ≥ σ, where
the fiducial value σ depends on the point under consid-
eration. Thus, for example, the points P1, P5 represent
states for all s ≥ 1, while the point P2 represents a valid
state only when s ≥ 8. It may be noted that the vertex
S with σ = 1, is a pure state only at s = 1. In general,
equivalent states do not preserve the rank of the matrix.
Finally, the points on the line VW do not represent a
valid state for any finite value of s. Similarly, all points,
except the vertex S on the enveloping line WS, do not
represent a state for any finite value of spin.
The equivalence of all states belonging to a family
F(P ), becomes explicit from their common Q represen-
tation, given by
f(α, β, θ) =
〈
nˆmˆ
∣∣ ρ1s ∣∣nˆmˆ〉
=
1
4π
[1 + α cos θ + β(
cos 2θ
8
+
1
24
)] (6)
where, θ is the angle between nˆ and mˆ. The proba-
bility density is defined over a much larger region than
given in Eq. 5, as shown in Fig. 2. The additional re-
gion, corresponding to the sector of the circle with red
circumference corresponds to the larger family of states
ρs1s2 with s1, s2 > 1.
B. PPT Conditions
Partial transpose (PT) transformations [16] are cen-
tral to our study.
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Figure 2: (color online) The parameter space for the
probability density defined in Eq. 6. The shaded region
represents ρ1s states, and the unshaded region
represents ρs1s2 states.
We first observe that Σi(Ti) and Σij(Tij) are respec-
tively odd and even under PT operations [17]. This maps
a point P (α, β) → P (−α, β), which necessarily belongs
to the manifold. Consequently, the image necessarily
represents a valid state, albeit perhaps for a larger spin.
Let the respective fiducial spins of P (α, β) and its im-
age P (−α, β) be σ1, σ2. A state ρ
1s(P ) is PPT only if
s ≥ max(σ1, σ2). This is depicted, in Fig. 1, by the
transformation of points P3 ↔ P4 where both points
have the same fiducial spin value σ = 8. On the other
hand, the PT operation P1 → P2 would mean that the
state ρ11(P1) is entangled since its image does not rep-
resent a valid ρ11 state. On the other hand, under the
inverse PT transformation, P2 → P1, from which we
conclude that ρ18(P1) is indeed PPT.
IV. MAIN RESULTS
We first state the main results of the paper.
1. Equivalence:
Every state in the interior of the triangle SVW
is equivalent to a PPT state, either of the same
spin or higher. Note here that all PPT states are
undistillable.
2. Inequivalence:
The states which lie on the half open interval [S, V )
do not have equivalent states for any finite value
of s since they are mapped onto points on the line
segment VW all of which belong to ρ1∞.
3. Super-quantum states:
A stronger result holds, viz, All states which lie
on [S, V ) are entangled, and are hence super-
quantum.
4. PPT ≡ Separability?
All PPT states upto s = 8 are also separable. Since
the convergence to s =∞ is rapid (see Fig. 1), we
further conjecture that all PPT states are separa-
ble, i.e., all interior states are essentially classical.
More arguments will be provided in the following.
A. Proofs and demonstrations
1. Equivalence
This has been proved implicitly in the previous sec-
tion, when we observed that, under a PT operation,
P (α, β) → P (−α, β), which maps an interior point in
triangle SVW (see Fig. 1), to another. All interior
points correspond to physical states for s ≥ σ where σ
is finite. Thus, either a state is PPT, or is equivalent to
a PPT state of a higher spin.
PPT states do not admit entanglement distillation
and hence are not useful for quantum communication
purposes. Therefore our equivalence shows that all
points interior to the triangle SVW are also not use-
ful for quantum communication. However, separability
provides a stronger notion of classicality and remains to
be an open question, which we discuss in a following
section.
2. Inequivalence and super-quantum states
The above result leaves us with states defined on the
boundary of the triangle SVW in Fig. 1. Of them, the
states on the line VW and on the line WS, except the
vertex S are of no interest to us since they belong to
ρ1∞. This leaves us with the half open interval [S, V )
which has states of all spins s ≥ 1. Since a PT operation
on these points map them to points on the line VW , all
of which belong to ρ1∞, as depicted by the mapping
P3 → U , they possess no equivalent state. A simple
calculation shows that these states are NPT, and hence
entangled. We thus conclude that all these states are
necessarily super-quantum, and are the most quantum
of the states. They have no classical counterparts.
3. PPT ≡ separability?
We are still left with the open question on the sep-
arability of the PPT states. For, PPT is not a suf-
ficient condition for separability. Separability being a
hard problem, we do not possess an analytic proof for
this result. We employ a numerical technique to accom-
plish the task. We rely upon an algorithm developed
in [18, 19], which probes the trace distance between a
given state with the set of separable states which are
obtained by performing convex sums of pure separable
states iteratively. The minimum trace distance (dmin)
of a given state from the manifold of separable states is
4evaluated. The method naturally employs the connect-
edness of separable states with a well defined boundary
with entangled states.
We employ the criterion that a PPT state is deemed
to be separable if dmin ≤ 10
−3. This statement needs
further elaboration for, an entangled state can be at
that distance from a separable state. Consider a point
P (α, β) which represents PPT states for all s ≥ sP .
dmin(P ; s) naturally depends on s. The algorithm shows
that dmin becomes smaller, approaching values ∼ 10
−14
as s becomes larger, meaning that interior points become
arbitrarily excellent approximations of separable states.
Hence the criterion is not unrealistic.
The algorithm is, however, not cost effective as we in-
crease the dimension of the state. Let ρ1s be a separable
state. By Caratheodory’s theorem [20], the state can,
in principle, be written as a convex sum of at most 3N
separable states. This assumes an optimal expansion for
which the tools are, again, not available. We find that
the algorithm employed by us gives a sequence of rapidly
increasing number of terms as we increase the dimension.
This is shown in Table 1, which lists the number of terms
in the separable expansion as a function of N = 2s+ 1.
We have been able to verify that PPT =⇒ separability
upto s = 8(N = 17).
Dimension No. of Terms
3× 3 50
3× 5 100
3× 11 300
3× 17 600
Table I: The number of terms in the separable
expansion for sample values of 3×N
To take a call on how good this verification is, we
look at the area covered by the states ρ18(α, β) in the
parameter space (see the red triangle embedded in Fig.
1). An explicit evaluation shows that it covers 83.7 % of
the area. The fraction of separable ρ18 states is ∼ 85%
which implies that the simulation has demonstrated that
the claim PPT ≡ separability is verified for ∼ 70% of the
interior points of the triangle SVW .
Yet another persuasive argument can be advanced by
looking at the states defined on the line β = 0 in Fig. 1.
The intersection of this line with SW , at B, is a super-
quantum state. In fact, these states are equivalent to
the family of lower dimensional states ρ
1
2
,s which are, in
turn, equivalent to the two qubit Werner states. It was
shown in [1] that all states lying on the line are classical,
except the one at B (which is the singlet Bell state in
two qubit case). This further increases the area of sep-
arable states to ∼ 74%. These observations gives strong
credence to the conjecture – which we shall henceforth
hold to be true – that all interior points represent states
that admit a GLHV description.
Let τ be the minimum value of spin at which states at
a point P admits a GLHV description. By Caratheodory
theorem, the maximum number of GLHV required is
given by NG = 3(2τ +1). It is clear from our discussion
that τ →∞ as we approach the super-quantum states.
V. BIPARTITE QUTRIT SYSTEMS: A
SPECIAL CASE
It is instructive to discuss the simplest example, s = 1.
The parameter space is shown in Fig. 3. The states lie
in and on the triangle ABF , with −1.5 ≤ α ≤ 0.75
and −1.5 ≤ β ≤ 3. The vertices A,B, F represent
states which correspond to respective total spins S =
0, 1 and 2. In addition, A,B,E, and G represent states
which project the irreducible vector spaces of the repre-
sentations 1, 3¯,8 and 6 of SU(3), respectively. Finally,
the states belonging to the quadrilateralDFHJ are sep-
arable. The complementary region represents entangled
states.
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Figure 3: (color online) The blue triangle depicting
parameter space corresponding to ρ11(α, β) states. The
red lines represents the SU(3) invariant states.
Of particular interest are those states which are invari-
ant under global SU(3) transformations, either 3× 3 or
3 × 3¯. They lie on the lines BG,AE (shown in red),
which are defined by β = ±2α respectively. The states
on BG - the Werner states- are all mixed, and only the
state at A on AE is pure. Using α to parametrise the
states, we obtain the forms
ρ(α) =
1
9
(I + α~λ1.~λ2); α ∈ (−3/4, 3/8)
ρ¯(α) =
1
9
(I + 2α~λ1.~Λ2); α ∈ (−3/2, 3/16). (7)
in terms of the standard generators for 3 (λ) and 3¯ (Λ)
respectively. Note that large segments of the states are
entangled. The dotted portion, lying on the segment AL
represents entangled states that are also nonlocal.
The moot point is whether all the entangled states
– barring those on AB admit a GLHV description. A
definitive answer in the affirmative is provided by the
5overlap of points that represent classical states of ρ18
with those that represent ρ11 states. This is shown
in Fig. 3, where all states bounded by the polygon
FCKIF admit a GLHV description. The boundary
can be pushed further by demonstrating the separabil-
ity of PPT states when s > 8. If the conjecture is to be
true, then all interior points would be essentially clas-
sical in nature. Significantly, these states include not
only entangled states that admit a local hidden variable
description, but also a fraction, or perhaps almost all
those states, defined on the strip AL, which violate Bell
inequality.
VI. DISCUSSION OF RESULTS AND
CONCLUSION
Through a generalization of the study in [1] to 3×N
level systems, this study gives an improved understand-
ing of the hierarchy of nonclassicality of states, especially
the role played by the purity in tandem with nonlocality.
Purity, the equivalent of concentration of probability in
classical information theory, can be quantified in many
ways, varying from Trρ2 to the Von Neumann entropy
S = −Trρ log ρ. We invite the reader to refer to [21]
for a comprehensive list of quantifiers of mixedness, also
called diversity in a different context.
To identify the appropriate measure, we note that the
super quantum states lying on the line SV in Fig.1 have
a maximum rank Rsq = 4s ≡ 2(N − 1), in contrast to
the interior points which are, in general, of a higher rank
Ri = 3N . A more telling example is afforded by the spe-
cial case of two qutrits. Consider the states defined on
the lines AE and AB respectively (in Fig. 3), with one
common state, viz, the fully entangled pure Bell state
with the total spin S = 0. Points infinitesimally away
from A, along either line, represent states which exhibit
nonlocality which is arbitrarily close the the Tsirelson
bound and an entropy which is arbitrarily close to zero.
Yet, the analysis shows that the the line AB represents
super-quantum states while AE represents essentially
classical states. The distinction is solely in the ranks
of these states, which are, Rsq = 4 and RAB = 9.
We, therefore propose that the appropriate measure
of purity in this context is given by the relative rank
of the states, R, with respect to the completely mixed
uniform state. For the super-quantum states under con-
sideration, R, for a given s, satisfies the bounds
2s− 1
3(2s+ 1)
≤ R ≤
4s
3(2s+ 1)
. (8)
Of greater interest is the universal bound on R which is
given by
1
9
≤ R ≤
2
3
(9)
which follows from the lower bound in Eq. 8 for s = 1
and the upper bound as s → ∞, reflects a higher de-
gree of purity that is required for a state to be super-
quantum. It is not without interest to juxtapose this
result with the one obtained in [4], for a coupled sys-
tem of two equal dimensions. It was shown there that
there are states with R = 1
2
that violate Bell inequal-
ity maximally. Not all our states violate Bell inequality
maximally, though.
In conclusion, super-quantum states are the most non-
classical, and yet can be of arbitrarily high rank in high
dimensional systems. The features unravelled in this
study may be of importance in quantum information
processing in higher dimensions; Completely entangled
pure states are notoriously difficult to prepare and sus-
tain. Perhaps mixed super-quantum states can be har-
nessed efficiently in their place. A deeper understanding
may also give a clearer picture of results obtained on
efficient simulation of quantum computers [2].
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